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ABSTRACT

The inadequacy of the experimental devices for testing the mechanical resistance of the tiles used to cover a roof
should not be a reason for not properly understanding the problems associated with their bearing capacity and
exploitation. This paper presents the results of a numerical study of the "3 point" bending behaviour of tiles of
different geometric shapes (Flemish, Romanesque and Flat) in concrete cement. This work is governed by the
finite element method implemented in structural computing software. It highlights the behaviour of the charged
tiles when we know their geometric characteristics and some physical and mechanical characteristics of the
material. This study found that the geometric shape of a tile significantly influences its load behaviour. For a
normative load of 50 kg, the three tile shapes have a good bearing capacity because their bending deformations
are all lower than the limit deformation of the bending concrete which is 3.5%. according to the EC2 rules.
However, the Flemish tile (0.2%.) bears more than the Romanesque tile (0.3%.) and the Flat tile (0.6%.). The
breaking load of the flat tile is approximately 300 kg. As for the normal operating conditions and service life
aspects, the compressive limit stress of the concrete (12 Mpa) and the allowable deflection of the tile (0.74 mm)
are widely exceeded for the Plate tile (18.31 MPa and 1.01 mm). The Flemish tile (5.28 MPa and 0.24 mm)
seems to offer a little more of the best conditions in service than the Romanesque tile (9.11 MPa and 0.16 mm).

KEYWORDS: Tile, bearing capacity, operation, bending, stress, deformation.

1. INTRODUCTION

In the Sahelian regions of Africa, ceramic roofs are preferred over steel or aluminum roofs. These places have
high ambient temperatures of up to 50°C in the shade [1]. For example, to cover a building, cement concrete
tiles or baked clay tiles are encouraged because, on the one hand, these tiles are easy to produce and economical
because of the use of local materials and on the other hand, they ensure thermal and acoustic comfort. In
construction, three types of cement concrete tiles are generally used: The Ordinary Concrete Tile (TBO),
manufactured by industrialists; the Fibro - Mortar Tile (TFM) which consists of making a tile produced with a
cement mortar, to which small quantities of natural or synthetic fibers are added and the Vibrating Mortar Tile
(TMV) where small-diameter aggregates replace fibers. The shapes are very varied, the dimensions also, and are
specific to each manufacturer. In the markets, we find Flemish tiles (Figure 1) whose cross-sectional profile is a
sinusoid consisting of a concave part and a convex part allowing longitudinal embossing; Romanesque tiles
(Figure 2) whose cross-sectional profile consists of a concave part, a flat part and a half - concave part for
longitudinal embossing and Flat tiles [2]. When these tiles are stressed by maintenance loads for example, we
see a large number of breaks. In general, the manufacturer does not even have adequate technical equipment to
test their mechanical resistance (bending, heel traction, impact or impact, sound, etc.). The behaviour of the tiles
under load is completely ignored. However, a tile supported by two consecutive structural failures, subjected to
a bending load, can be considered a plate or a flexural shell called a “3 point” [3]. The finite element method
(MEF) proposed in this study is a simple and practical numerical method for describing and explaining the
behaviour of the charged tiles [4-7]. The tile modeling and the simulation of its behaviour are performed by the
structural calculation software Autodesk Robot Structural Analysis Professional 2016 [8-11]. Three different
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forms of TMV tiles with the same support and loading conditions were subjected to linear static analysis [12-
13]. An experimental device (Figure 5) was used to validate the results. Information resulting from the
interpretation of the results of stress and deformation fields, movement and rotation fields will no doubt help
manufacturers to improve their manufacturing techniques and users to make a better choice in tile shapes.

2.

MATERIALS AND METHODS

2.1 Mechanical characteristics of concrete

Elasticity
— Young module E =30,000 MPa
— Poisson coefficient v =02
—  Shear module G =12,500 MPa
—  Specific weight Y = 25 kN/m3
—  Thermal expansion 0.000010 (1/°C)
—  Damping coefficient 0.04

Resistance

— Compression Fc28 = 20 MPa
—  Cylindrical sample
Production of tiles

The production of TMV is carried out according to the methods acquired from the training courses by the
LOCOMAT and DECO projects [14]. The tiles produced are of the Flemish, Romanesque and Flat type with the
following dimensions:

Nominal size: 25cm x50 cm =0.125 m?

Cover area: 0.045 maftile

Useful size: 20 cm x 40 cm = 0.08 m? or 12.5 tiles/m?
Thickness e 8 mm

Raw Materials: water (drinkable) + cement (CPA or CPJ) + sand and gravel
(siliceous or mineral) + Dyes (red oxide)

Proportions water/cement: between 0.5 and 0.65 by weight

Cement dosage: 350 kg/m®

Dye content: 3 - 10% of cement weight

Volume Determination: 2 sands + 1 gravel + 1 cement

Vibration: 20 - 50 seconds

Granulometry of mortar aggregates (Table 1).

Tableau 1: Dosage en granulates
Diameter

D max 5,5 mm

® >2mm 30 - 50% | gravel
05<®<2mm | 10-55%
® <0,5mm 15-40% | sand

2.2 Tile Operations: Boundary Conditions

* Type of tile support
— Flemish: Two single supports on the left longitudinal edge and two joints representing the
heels on the convex lower part;
— Romanesque: Two joints representing the heels on the flat lower part and simple supports on
the left longitudinal edge and inside the flat part;
— Flat: Two joints in the middle representing heels and single supports.
« Loading type and normative values
—  Flemish and Romanesque: Punctual 2 x 25 kg = 50 kg;
—  Plate: Linear uniform 50 kg / 0, 25 m = 200 kg/m = 2 kN/m
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2.3 Brief overview of the “3 point” flexural test

The experimental device adopted is that of the "3 point" bending shown in Figures 4 and 5. This is a
conventional mechanical test used to test the bending resistance. This device represents the case of a beam laid
on two simple supports and subjected to a concentrated load, applied in the middle of the beam with it also a
simple contact. One of the supports is often modeled as a joint in order to have a beam that does not move
horizontally (Figure 6).

N (1) N (2) N (3)

=i

Normative load F

E3

™

Foot

ISSN: 2277-9655
[Karka, et al., 8(9): September, 2019] Impact Factor: 5.164
IC™ Value: 3.00 CODEN: IJESS7

1
1
1
1
1
Equivalent weight P :
1
1
1
1
1

» 1
78N >

A

150N

A

Figure 4: Diagram of the *'3 point"* bending resistance test device [15]
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Figure 5: View of the Experimental device [16]

For the generalization of the "3 point" bending, the load is not necessarily applied at the centre. The analysis
between one end and the point of application of the load is the same, but the problem is no longer symmetrical.
When the length of the beam is L and the eccentric load is P, the cutting force is constant in absolute value: it is
worth -Pb/L over a length a and + Pa/L over a length b. It changes sign at the point of application of the load P.
The bending moment varies linearly between one end, where it is 0, and the point of application of the load P
where its absolute value is Pab/L; this is where the risk of rupture is greatest (Figure 6).

A third-degree polynomial describes the profile of the first part of the beam and the arrow is [17]:
3
_ Pb(L2-b?)2 . _
YO = —W at pOlnt XO =4/ (L2 - bz)/3
1)

The sharp force diagrams and bending moments are traditionally depicted filled with vertical strokes. This
corresponds to the division of trapezoid areas used for the graphical method.
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Figure 6: Three-point bending under an eccentric load

a. Overview of the behaviour of the flexed tiles
Compared to the beam described above, the thickness of the tile along the Z-axis is relatively small (e = 8 mm)
in front of the tile dimensions according to the XY plane (Width | = 25 cm and Length L = 50 cm). The ratio of
the smallest of their dimensions to the thickness is equal to 31.25; greater than 20. The tile used is therefore
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described as a "thin" plate or shell called Kirchhoff [18]. When deflated under appropriate stresses, its mean
plane or sheet does not deform at the cutting force but becomes a curved average surface and can have the
following two modes of behaviour:
— In XY plang, the so-called “membrane” behaviour or flat state of the stresses;
— In the Z direction, the bending behaviour perpendicular to the mean plane of the tile where
displacements from the XY plane are generated.

The actual stresses on plate or shell structures are such that these two modes of behaviour “coexist”. Hence the
need to combine the "membrane” and bending properties in the same finite element of the tile [19]. For tile
modeling in Robot Structural Analysis (RSA) version 2016, the type of mesh chosen is that of COONS which
corresponds well to the rectangular contours. The tiles are discredited into triangular three-node surface finite
elements numbered 1, 2 and 3. In the case of purely flexional behaviour, the analysis model uses these surface
finite elements with an approximation of the horizontal displacement field U (x,y,z) and V(x,y,z) and vertical
W(X,y,z) as follows:

U(X' Y Z) = UO(X' Y) + ZeX(XJ Y)

V(X' L Z) = VO (X' Y) + Zey(X, Y)

W(x,y,z) =W, (x,y)

2

Up(x,y), Vo(x,y) and W, (x,y) are values determined in the mid-thickness average slip. 04(x,y) and 6,(x,y)
are the two rotations of the section along the X and Y axis. For an inextensible bending plate, the movements of
the average sheet in its plane are zero. Therefore: Uy(x,y) = Vo(x,¥) = 0 and W, (x,y) # 0. The displacement
field becomes:

U(x,y,2) = z0:(x,y)

V(x,y,2) = 20, (x,y)

W(x,y,z) = Wy (x,y)

3)
Within the framework of linear elasticity, deformations are expressed as:
au 00,
b T ox T Tox
_ oV 06y
&y = ay =7z ay
ow
=G0 T
1 (aU 4 6V) (064 N 20,
By =5 \ox dy -z dy  0Ox
1 (6U+6W)_ +6W0
e = \5z Tax) T T Tax
1 <6V+6W> ~ 0 +6W0
&2 =5 \a2 ay) Y oy
(4)

According to Kirchhoff’s theory, a straight section remains flat and perpendicular to the average sheet. We can
therefore write for deformations:

aw, aw,
€y =0 $6X+K=O $9X=—K
aw, aW,
gy, =0 =>o6y+—ay =0 =>6y=——ay

®)
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By substituting (5) in (3), horizontal displacements U and V are expressed as a function of vertical displacement
W, :

X,Y,Z) = —Z Ix
x,v,z) = -z a_y

W y,2) = Wo (x,y)
According to the relationship (5), deformations are written:

_0U 08, 0*W,

BT o T ok T Poxt
v 90, 92W,
Syy=g=za—y= —Z ayz
4 €,=0
10U oV 20, 00, %W,
By =3 (&+E)=Z(a—y+&)=‘zaxay
€, =0
&, =0

(6)
The deformation state of the plate can therefore be fully described by Wy (X,y), transverse displacement of the
average sheet, and its derivatives. In particular, the thickness is small enough that a linear variation of flat
deformations along the normal to the average sheet can be assumed. In order for the plate to remain continuous
and not to crease, it is necessary to impose not only the continuity of this transverse displacement but also of its
derivative around the edge.

2.5 Expression of the matrix [N (x, y)] of the interpolation functions
The simplest approach to describe the behaviour of a finite element is to approximate its internal displacement
field by series of polynomials in order to avoid the violation of the inter-continuity criterion elements that result
in physically inadmissible deformation modes for a continuous structure. For the determination of the
interpolation functions of the triangular finite element 3 knots, we limit ourselves here to the kinematic theory of
Kirchhoff because we especially want to have the continuity of the slope along the edges. In our case, for
example, we can write:
Wo(X,y) = a; + ayX + azy + a4xy + asx® + agy? + a,x3 + agx?y + agxy® + a;0y° =
{1 xy xy x2 y?2 x®* x%y xy*> y¥}xf{ax a; a3 a; as ag a; ag A9 a0}T
()
In each node, we take as nodal parameters or connectors the transverse displacements W; and the two rotations
Oy and Oy; withi=1,2, 3 which are the two first derivatives of W,. With this third degree development for the
3-node triangle, there are 10 generalized internal or co-ordinate variables a; for 9 external variables or Wi
connectors, O; and 0,;. The connection matrix [R] connecting connectors to internal variables must be 9 x 9
square. To limit the number of internal variables to 9, one possibility is to assume equal coefficients a8 and a9
[20]. Thus, the relationship (7) is rewritten:
Wo(%,y) = a; + a,x + agy + azxy + agx> + agy? + a,x> + ag(x?y + xy?) + agy® =
{1 x vy xy x* vy?2 x® x?’y+xy> y3}x {&1 a; a3 a, as as a; ag ao}
®)

From the conditions at the boundary of the W, (0,0) =W, ,0,(0,0) = 04, 6,(0,0) = 0, etc., the nodal
displacement vector is written:
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Wy a
gxl a,
0,1 as
w, a,
Ox2 > = [R] X4 as
9y2 (473
78 a;
O3 ag
0,3 aq)
©)]
The connection matrix [R] is written:
1 0 O 0 0 O 0 0 O
0 1 0 0 0 O 0 0 O
0 0 1 0 0 O 0 0 O
1 %, vy, Xy X2y X Xy +xyl v
R]=10 1 0 y2 2x, O 3x7 3xiy,+y; O
0 0 1 x 0 2y, 0 x3+43x,y? 3y?
1 x5 ys X3y x2  y2 %3 xy;+xyi 3
0 1 0 w3 2x3 0 3x2 3xiy;+y3 0
0 0 1 x3 0 2y; 0 x3+3x3y7 3y2l
By injecting (9) into (8), we have:
Woxy)= {1 x y xy x* y* x® x%y+xy*> y3}x[R]™?
x{wy O Oyp W, 0Oy O W3 0,3 04337, oU
r A 0 O 0 0 O 0 0 O
0 A O 0 0 O 0 0 O
0 0 A 0 0 O 0 0 O
1 T4 1 T4 2 T4 3 T4-4- T4 5 T4 6 T4 7 T4 8 T4 9
[RI'= =x|Ts1 Tsz Tsz Tsa Tss Tse Tsy Tsg Tso
BT Tz Tes Toa Tos Tos Tor Tos Too
T71 T72 T73 T74- T75 T76 T77 T78 T79
T81 TSZ T83 T84- T85 T86 T87 T88 T89
-T91 T92 T93 T94- T95 T96 T97 T98 T99-
(10)

is the reverse of the R connection matrix as the R determinant is defined by:
A = (oys —x3¥,)° (yE X3 yysxst(-3(y2 — ¥3)°x3 + 3yFYi-y3)xi — x3y2ys(¥5-y3) + 6y2ys —
Y3+ yi (xf — yi + 3y3)).

(11)
T;; are the terms of R-1: i represent the row and j represents the column of the matrix 9 x 9 (see Appendix).
Wo (xy) = [N(X, WIX (W1 0y Oy Wy Oy Oy Wi 043 0y3)7
The matrix of interpolation functions [N(x,y)] is written:
[Nxy)] = % X{A 4+ Tyyxy + Ts1x2 4 To1y* + Trx® + Tgy (x%y + xy%) + Toyy® Ax + Tyoxy + Tspx® +
Te2y? + Trpx® + Tgp (x2y +xy%) + Topy® Ay + Tysxy + Tszx? + Tegy® + Tp3x® + Tas(x%y +xy?) +
Tosy? TaaXy + Tsax? + Teay? + Tyax® + Toa(x?y +xy%) + Tosy® Tusxy + Tssx? + Tgsy? + Tysx® +
Tes (XY + xy?) + Tosy® TueXy + Tsex? + Teey? + Trex® + Tge (x%y +xy°) + Togy® Tyrxy + Tspx* +
Te7y* + Tr7x® + Tgr (x%y +xy%) + Toyy° TygXy + Tsgx? + Tggy® + Tpex® + Tgg(x?y + xy?) +
Togy® TaoXy + Tsox? + Tgoy? + Trox® + Tgo(x?y + xy?) + Tooy*}

(12)
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According to the relation (6), the field of deformation becomes:
Exx = [Bl] X {Wl exl ey1 W, ex2 ey2 W; exs’ eys’}T
[Bi] = —% X{2Tgqy + 6Ty x + 2Ty 2Ts, + 6Typx + 2T,y 2Tssz + 6Ty3x + 2Tgzy 2T, + 6Tyux +

2Tggy) 2Tso + 6Trox + 2Tgey}

gy = [B2] X (W1 0x1 Oy1 Wy Oy, Oy W3 Oy Oy3)7

6Toyy 2Tgs + 2Tgsx + 6Tosy  Tgex + (2Tge + 6Tog)y 2Ty, + 2Tg X + 6Tg;y 2Tgg + 2Tggx +

B
e=Bl=[5]x ™1 O 0 W 0o 6y Wi Og 0 (13)

2.6 Expression of the rigidity matrix [K]®" of the triangular finite element 3 knots
The conventional method based on the interpolation functions developed in the preceding paragraph is used for
the generation of the elementary matrix [K]® of “stiffness” of the triangular finite element at 3 knots that is
written [20]:
(K] = [[BI"[H].[B].dv

(14)
[B] is the matrix that connects the deformation field to the nodal displacements and dv = dxdy. e an elementary
volume

After the constitution of the overall matrix of the structure [K]S" by assembling the elementary matrices [K]®"
expressed in the global benchmark, the complete system expressing the behaviour at the static equilibrium of the
tile is written:
{F} = [K]St . {U}
(15)
{F}: Vector representing external forces applied to the tile
{U}: Vector representing the nodal displacement field

The relation (14) constitutes a system of linear equations whose unknowns are the nodal displacements or
degrees of freedom and the actions of links or reactions of supports. The Skyline resolution method
implemented in the Autodesk Robot Structural Analysis Professional 2016 software seems the best solution for
this system. In fact, the shapes of the tiles and their type of mesh by three-knot triangular finite elements are
simple so do not require huge machine resources. Also, to make it impossible to move the whole tile, it is
necessary to support it properly.

By means of the relationships (16)-(20), it is possible to determine and exploit the different results of the
displacement fields, stresses and deformations in the tiles according to their disturbances.

2.7 Moments relationships — Curvatures

The three relationships between M, , M, and M,, moments and curvatures y_, Xy €, can be grouped within a
matrix expression where the flexural rigidity D of the tile appears, similar to the El product of bending beam
theory. The inverse relations connecting the curvatures to the moments give the shape that the average sheet
takes when applied to it the moments.

M, , 1 v 0 Xy ,
My Ee _ v 1 0 X'y _ Ee _
12(1-v2) 1-v 12(1-v2)
. 0 0 —| %y

(16)
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2.8 Stress Relationships — Moments

Similarly, normal and shear stresses can be connected to the bending and twisting moments by:
12z.Mygx _ 12zMyy 12z.Mgy
e3 Oyy = e3 Oxy e3

cSXX -

(7

This gives for the extreme fibers of the tile e= + gwhere the extreme values of normal and tangential
stresses:

Oxx = i 61::[2)0( ny = im\:% ny — i 6]\:2)(}’
(18)
2.9 Stress - deformation relationships
In the case of an isotropic material, Hooke’s law states:
E v
0y = 1 €yt 1 &xbi)
(19)
e §;; the Kronecker symbol equal to 1 ifi=j and 0 if i#]
o g, the trace of the tensor of the deformations (sum of the diagonal terms of the tensor).
Relationships (19) can be reversed to give relationships (20) :
€ = % [(1 + v)ojj — Vo]
(20)

3. RESULTS AND DISCUSSIONS
According to the conditions at the limits mentioned above, we apply a normative load F to each type of tile. The
physical quantities involved in the study of the behaviour of the flexed tiles are:

—  The vertical displacement field W, on the Z axis;

—  The rotation field 6x = Ryx or 8y = Ryy ;

— Normal stress fields oxx and oyy and strain fields € xx and eyy.
To complete the discussions, the following approach will be taken:

— Comparison of the relevant values of the physical quantities with the permissible values recommended

by the EN 1992 rules: Concrete structures (EC2);
—  Comparison of results for different types of tiles;
— Analysis and interpretation of the results of the comparison.

By convention, relative elongation and tensile stresses are positive while relative shortening and compressive
stresses are negative. The checks are performed at the service limit states (SLE) related to tile operation and the
ultimate limit states (ULS) related to the bearing capacity of the tile.

SLE: Concrete compression is limited to 0.6 28 = 0.6 x 20 = 12 MPa and the allowable deflection of the tile is
limited to 1/500 = 370/500 = 0.74 mm.
ULS: The deformation (relative shortening) of the bending concrete is limited to: 3, 5%o.
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3.1 Vertical Displacement W and Rotation Fields Rxx
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Figure 12: Rotation field of a Flat tile
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Flat tile
Table 2: Summary of normal stress and strain results, Arrows and Rotations
Tile oxx (MPa) 6y (MPa) & (%s) &y (%) W (Mm) Re (Rd) Ry (Rd)
Flemish 3,28 5,94 0,1 0,2 0,24 0,003 0,000
Romanesque 9,11 4,94 0,3 0,1 0,16 0,003 0,001
Flat 18,31 3,07 0,6 0,0 1,01 0,001 0,010

The deformation results presented in Table 2 show that for a normative load of 50 kg, all three tile shapes have a
good bearing capacity because the bending deformations in the tiles are less than the limit deformation of the
concrete which is 3,5%.. However, the Plate tile bears less than the Romanesque and Flemish tiles. For normal
operating conditions and in-service durability aspects, the concrete compression limit stress (12MPa) and limit
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deflection (0.74 mm) are significantly exceeded for the Flat tile. The Flemish tile seems to offer a little more of
the best operating conditions and durability in service than the Romanesque tile.

The validation of the numerical results is made by comparison with the experimental results of the tests carried
out on the flat tile. The tile is placed on the supports of the experimental device in Figure 5. The normative load
F is applied in the middle of the tile. A BORLEETI comparator (0.01 mm 0 - 10 mm) placed under and in the
middle of the tile records the arrow W (mm). For a normative load F = 2 kN/m, one finds by experiment
approximately the value of the digital arrow W = 1.01 mm. By experiment, when the load F is gradually
increased, the arrow increases linearly: which is consistent with the type of numerical analysis considered. For a
value of F = 12 kN/m, the numeric value of the arrow is 6.05 mm and the calculated normal stress values are oxx
= 110.97 MPa and oyy = 18.44 MPa. The maximum deformation is € = 3.6%o, a value greater than the limit
deformation of the bending concrete (3.5%0) which is assimilated to the break of the flat tile. When the load of
12 kN/m is repeated, a sharp break of the tile is observed. From this observation, the numerical method
explained in this study also makes it possible to predict the carrying capacity of a tile, hence its validity.

4, CONCLUSION
The results obtained show that in relation to the flat shape, the concave and or convex shapes have an influence
on the behaviour of a tile loaded in bending. Their presence results in a sharp decrease of the arrow, normal
stresses and deformations in the direction of the smallest span of the tile (width) and a small increase in normal
stresses and deformations in the direction of maximum reach (length). Based on this observation, the load-
bearing capacity of a Flemish tile is significantly higher than that of a Romanesque tile because of the presence
of the flat part in the Romanesque tile. Therefore, this study recommends that the tile manufacturer be very
careful about the mechanical characteristics of the materials used in tile production. The values of these
characteristics must be higher for flat tiles if the same results as Flemish or Romanesque tiles are to be obtained.

APPENDIX
Ty = 6(x; — x3) (V2 —2y33) (22x£*x3y22y3 - x£‘2x33yzy322— xé*xzzyg” - 3xz3x§3;§y3 + 27523753%};23’3? j?;%yzyzé* \
- 3x2x3%/2y3 , + 3x5x3Y,Y3 ;" 295235323’2 V3 — 3x2x32y23y32 - 3x2x3y22y32 -I—3x2x3y2y3
+ XpX3Y5 + X X3Y3 V3 — 2X2X3Y2 V5 — X2X3Y5 V3 + 3X,X5Y3 Y3 Y3 + 3x,X5Y5 Y3 Vs
- 2x2x32yzy§ — x3y3y3)
Typ = —(x2 — x3)(X5Y5 — 3x3%3y5 — 6x3x3y3ys + 9x3x5y5y5 + 3x3y5y5 + 14x3x3y3ys — 30x3x3y5y5

+ 14x3x3y,y3 — 18x3 %355 + 6X3X3y,¥3 + IX5X3y35 Y5 — 6X5X3Y,Y3 — 6X5x5Y5 Y3

+15x5x3y7y3 + 15x5x35y3y3 — 6x3X5y,Y3 — 3%,X3y7 + 6x,%3y35 Y3 — 18x,%3y; v5
+x3y7 + 3x3y;v3
Tuz = (v, — ¥3)(6X3X3Y5y5 — 6x3%3y,y3 — 15x3x5y5y5 + 18x;x5y,y3 — 3x3x3y3 + 3x5y,y5 — x5 Y5
+6X3 X3, y5 — 14x3x3y3y3 — 3x3x3y7 + 18x5x3y3ys — 15x3%3y3y5 — 9% %333
+30x5x3y3y3 — Ix3xFY3VE — 6X,X3Y3 Y3 + 6X,X3y3 Y5 — 14x,x3Y3 Y3 + 6x,%3y3 y3

— x3y5 + 3x5y3y3)

Tys = —6X3Y3(X3Y3 — X333 + 3x3y3y3 + 3x5x3y3 — 9x3x3y3ys + 5x5x3y,y5 — Ox3x3y3y3
+ 3x5%3),Y3 + 3%,%5Y5 Y3 — 2%,X5Y,Y% + 5x,X3Y3Y3 — 2x,x3y,y5 + X3Y3
- x33Y§Y3)
Tys = X3(2x5y5 — 3x3%3y5 + 6x3y5y5 + 4x3x3y3ys — 15x3x3y5y5 + 10x3x3y,y3 — 21x3 %35 y3
+ 6X3X3Y,Y3 + 9x3x3y3y; — 6x3x3y,y3 + 15x3x3yFys — 6x5x3y,y3

+ 3x25x§y£‘y§ — x5y3 — 3x3y5¥3)
Tye = ¥3(2X3y5 — 3x3y3y3 + 3x3x5y,y3 + 4x3x3y3y3 — 15x5x3y3y3 + 10xzxf§y§g/§ — 21x3x3Y3 Y3
+ 6x5x3y3 + 9x5x5y5ys — 6x,x3y3y3 + 15x5x5y5y5 — 6x,%3y5Y5 — 3x53 %33
- x;y? + 6x2x3y23y3)
Ty7 = —6X,Y,(2X5X3Y5 Y3 — 3X3X3Y,Y5 — 5X3%3Y5Y3 + 9x3 x5y, y5 — 3xz3x532y§ ngz?yzyé’ — 5x3%3Y3 V3
+ 2x5 X35 Y3 — 3X,X5Y5 Y3 + 9%,x3 Y3 V5 + X,X3Y5 — X3Y3 — x3V5 — 3%3Y35Y35)
Tug = X, (x5y3 + 6x3%3y3y3 — IX5X5y5y5 + 3x5y5y5 — 10x3x3y3ys + 15x3x3y5y5 — 4x3x3y,y3
— 33y, y2yh
. 2X3Y2Y3 ¢ . .
+6x5x3y5y3 — 15x5x5y3y3 + 3x,%3y5 — 6x,X3y3 Y3 + 21x,%3 Y3y — 2x5y3 — 6X3Y5Y5)
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Tyo = ¥, (6X3%3Y5y5 — 6x3%3Y,y3 — 15x3%5y5y5 — 10x3x3y3y3 + 21x3x3y,y3 — 6x3x5y5 + 3%3y,y3
—2x3yS  — 9x3x3y5ys + 6x3x3y7y5 + 15x5x3y3y3 — 6x,x3y5y5 + 3x5x3y;
— 4x,x3y3y3 + x3y3)
Tsi = =3y, — ¥3)*(2X3y,¥5 + x3y3 — 8x3x3y3y3 — 4x3x3y,y5 — 3x3x5y3 + 2x3y3y5 — x3y5v3
— 23y, ¥3
—x3y3 + 3x5x3y3 + 4x5x3y3ys + 8x3x3 Y, Y5 Vs + 2x5x3Y5 Y3 + 4X5X3Y, Y5 — 4X,X5Y5 Y — 2%,X5Y3 V5
—X3y3 — 2x3y3ys + x3y5 + 2x3y3ys + x3y3y; — 2x3y5y3
Ts; = (v, — ¥3)(2x5y5 — 3x3x3y3y5 — 6x5X5y3 + 4x3y3ys — 2x3y,y3 — 2x3y5 + 16x3x3y3 ys
— 18x3x3y3y5 + 16x3x3y,y3 — 3x3 %35 ¥5 + 2x3x3y3y3 — TX3 %355 + 3%5y,y3
+6X3 X3, y5 — 14x3x3y3y3 — 3x3x3y; — 15%3x3y5y5 — 9x5x5y;y5 + 30x5x3y3y3
— IXFXFYFYF — 6X,X3Y3 Y3 + 6X,X3Y3 Y5 — 14x,x3y3 Y3 + 6x,%3y3y3 — x3y5
+3x3y3y3)
Tss = —y2y3 (V2 — ¥3)*(3x3y5 — 12x3x3y,y5 — 3x3x3y5 + 3x3y5y5 — 4x3y,y3 — x3y3 + 3x5x3y3
+12x5x3y,y; + 6X5%3Y,¥3 — 6x,x5y3ys — 3x3y3 + x3y3 + 4x3y3ys — 3x3y3y3)
Tsy = 3y5(x3y5 + 2x3x3y% — 3x3x3y3 + 3x3y5y3 — x3y3 + 3x3x3y3 — 12x3x3y3ys + 8x5x3y,v3
— 6X3x3Y3 Y3 + 4x5X3Y,y3 — 2x,%5Y3y5 + 3x3y3 — 2x3y5ys + %35 — 2x3y3 Y3
+5x3y3y5 — 2x3y5y3)
Tss = —y3(x5y5 — 3x;X5y5 + 3x5Y5y5 — x3y5 + 2x3%3y3ys — 9x3x3y3y5 + 8x3x3y,y3 — 6x3x3y3y3
+ 4x3x3Y,Y3
—6x3x3Y3Y3 + 6X,X3Y3 V3 — 3%,X3Y3 V3 + 3%,%3y3y5 + 10x,x3y3y3 — 3x,%3y5y3 — 2x35y;5
— 4x3y3Y%)
Tse = = Y23 (V2 — ¥3)(6x3x5y5 + 2x3y,y3 + 2x3y5 + 3x3x3y5 — 12x3x3y,y5 — 6X5x3Y,y3 + 3%3y5
+x3y5 — 2x3y3ys + 3x3y5y3)
Ts; = 3y5 (2x3y,y5 — 3x3y3 — 8x3x5y5ys + 12x3x3y,y5 — 3x3x3y3 + 2x3y3y5 — 5x3y3y3 + 2x3y,y3
— x3y3 + 3x3x3y3 — 2x3x3y5ys + 2X5X3Y5 Y3 — 4x,X5y7 Y3 + 6X,X5y3 Y5 — X33 + %3 Y3
—3x3y3y3)
Tsg = =y, (2x5y5 + 3X3%3Y3 Y3 — 6X5X3Y,y3 + 4x3y3ys — 8x3%3y3ys + 9x3x3yiys — 2x3x3y,y3
+ 3X3 X3, V3
—10x3x3y3y3 — 3x3x3y5y5 + 3x3x3y5 + 6x5x3y3y3 — 4x,x3y5ys + 6x,%3y3y5 — x5y5 + X3y35
- 3x3Y7¥%)
Tso = —y3(¥2 — ¥3)(3x3y5 — 12x3x3y,y5 + 3x3%3y5 + 3x3y5y5 — 2x3y,y3 + x3y3 + 6x5x3y3
— 6X,X3Y3ys + 2X3y7 + 2X3Y3Y3)
Ter = —3(x; — x3)*(X3Y3 — 4x3%3Y,¥5 + 2xX3%3y3 + 2%3x5y3 — 2x3%3y,y5 + x3x3y3 + 3x3y3y3 — x3y3
— X3%3y3 + 2x5x3y3ys — 2x3x3y3 — 8x3x3y3 Y3 + 4x5x3y5 Y3 — 2X5X3Y5 — 2X,X3Y3
+ 4x,X3y3 Y3 + 2x,%5y3 — Ax,x5y3y5 + 8x,x5y35y3 — x3y3 + x3y5 — 3x3y3y3)

Tor = —X%3 (x5 — X3)?(X3Y3 — 6X3%x3,¥5 + 4x3x3y3 + 3x5x5y3 — 3x3x5y3 + 3x3y3y3 — 3x5y3
— 4x,X3y3 + 6X,%3 Y5 Y3 — 12X,%3y3y5 + 12%,%3Y5y3 — X3y3 + 3x3y3
- 3x5y3y3)
Tez = —(x2 — x3)(2x5y5 — 8X3X3Y,3 + 2X3%3Y5 + 3x3%3y3ys + Tx;x5y,y3 — 4x3x3y5 + 6x3y3 Y3

— 2x3y5 — 2x3%3y3ys — 2x3x3y,y3 — 16X3x3y3y3 — 4x3x3ys + Tx5x5y3y;
+ 3x3x3y,y5 + 3x3x5y3ys + 18xZx3y3y3 + 3xixiy,y3 + 2x,%3y5 — 8x,%3Y3 Y3
— 16x,x3y3y3 + 2x3y5 + 6x3y5y3)

Tes = 3x2(X3yF — 2x5X3y3 — 2x3x2y,y3 + 5x3x3y3 + 3x3y3y3 + 3x3y3 + 3x3x3y3 — 6x5x3y3ys
— 2x5x3y3 — 12x3x35Y3 — 2x5X3y3 + 4x,X3y3 Y3 + 8x,x3y3y3 — x3y3 + x3y3

- 3x3y3y3)
Tes = —x2%5(Xy — X3) (X33 — 2x3x3y3 + 3x5x3y3 + 3x3y3y3 + 3x5y3 + 2x,%3y3 — 6x,%3 Y33
— 12x,%3Y5y3 + 2x3y3 + 6x3y3y3)
Tes = —x3(3X3X3y,Y3 — 4x3x5y5 — 2x3y5 — 6x3x3y5y5 + 10x3x3y,y3 + 2x3x3Y5y3 + 6x3%3y,¥3

+ 3x3x5ys — 6X3x5y3 Y3 — 3x5X5Y,Y3 — 3x3x3y5 — IXIX3Y3 V3 — 3x3x5Y,Y3
Lt 4x,x3Y3ys + 8x,x3y3y3 — x§y7 + x3y§ — 3x3y3y?) ]
Te7 = 3x5 (x3y5 — 2x§2x33ys33— 4x3X,,Y5 + 2x3x5y5 + 6x3%3y,¥5 — 3x3x5y3 + 3x3y3y3 — x3y3
— 5x5%3Y3
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+2x5x3y3ys — 8X5X3Y3 Y5 — 2X3%3Y3 Y3 + 2x,X3y3 + 2x,x3y5 + 12x,%5y3y5 — x3y3 — 3x3y3
- 3x3y3y3)
Teg = _x%xs(xz - x3)(2x§y33 - 6x23x3YZ3’3? + 2x23x3y§ + 3x22x§y23 + 6x§y22y33 - 2x2x§’y23 - 12x2x3y§y§
+3x3y; +x3y3 + 3x5y3y3
Too = =X, (X535 — 4%5X3Y,3 + 3x3x5y3y3 + 6x5X3y,y3 — 3x3%5y35 + 3x3y5ys — x3y5 — 10x3x3y3 ys

+ 6x3x3y2y2 —
2X3Y2Y3
8x3x3y3y3 + 4x5x3y5 — 3x5x5Y3ys + 3x5x3y3ys + Ix5x5Y3 Y3 — 6x,%3y3y3 — 2x,%3y3y3
+2x3y3)
Ty = 2(x; — x3) (X33 — x33’2)(5x233’ZZY3 - xZBYZ}’?% - x23y33 - 3x22x3y23 - 3x22x3y22y3 - 3x22x33’2yg
+ 3%,%5Y5 Y3 + 3%,X5Y,¥5 + 3%,X5y3 + 3%,¥5 Y3 — 3,055 — 2%,¥5Y3 + X22¥%
+ 2,35 + x3y3 + X3y3ys — 5X3Y2¥5 — X3Y5 — X33 Y3 + 2x3Y3 V5 + 3x3Y3Y3
- 3x3y2y§)
Trp = —(X2)3 — X3¥2) (2X3Y,Y3 — X3¥5 — 5x3x3Y3 Y3 + 6X3x3y3y5 — 5x3%3Y,y3 + 3x3x3y; + 3x5x5y3
+2x3y3y3 — 3x5y5y3 — x3y5 — 5x,%3y3ys + 6x,%3 Y5 y5 — 5%,%3Y,¥3 — 3%,%35 3
+ 6X, X35 V5 — 6X,X3V3Y3 + 6X,X3Y5Y5 — 3X,X3Y,3 — X3Y5 + 2X3y3 Y3 + X5y
— 3x3y7y3 + 2x5y3y3)
Ty3 = ¥2¥3(V2 — ¥3) (62¥3 — %3¥2) (5X3Y2Y5 — 3x3¥5 — 3x5x3Y5 — 3x5X3Y,¥3 + 3%,X3Y,¥5 + 3%,x3y3
+3%,Y3Y3 — 5,955 + %553 + %05 + 3x3yF — 5x3Y,y3 — X3¥3 — X333 + 5X3Y5 Y5
- 3X3}’2)’23)
Tys = =2y5(X3Y3 — X3Y2) (X3 y5 + 3X5%3Y,Y3 — 3%,X5Y5 + 3%,y3 V5 — X953 — 6x3y5 + 5%3y,¥3 + X3Y3 Y3
— 6X3Y5Yy5 + 3x3Y,¥3)
Tys = y3 (%23 — X3¥,) (X33 + X3%3Y,¥5 — 3x3x3y3 + 3x3y5y3 — X3y3 — 6X,%3y5ys + 5x,%3y,y3
— XpX3Y3 Y5 — 6X,X3Y5Y3 + 3X,%3Y,¥5 + 2x5Y3 + 2x5y3y3)
Tr6 = —Y2¥5 (Xo¥3 — X3Y2) (X3Y3 — 3xX5x3Y, Y3 + 3%,%5Y5 — X,¥5V5 + X,¥5 + 4x3y5 — 5%3Y,Y3 — X3Y3 3
+ 4x3Y5y5 — 3x3Y,¥3)
Ty7 = =25 (X¥3 — X3Y2) (5%3¥,¥3 — 6x3y5 — 3x5x3y5 + 3%,X3Y,Y5 + 3,05 Y3 — 6X,Y5Y5 + %,¥, Y3
+ X3y — x3y7 + 3%3Y5¥5)
Trg = ¥, (X3 — X3¥2) (2%3y3 + 5x3 %35 Y3 — 6X3%3Y,¥5 — 3x5x5Y3 + 2x5y3y3 + x,%3y5 Y3 — 6X,X3Y5 V5
+ 3%, X3Y7Y3 — X2X3Y3 Y3 + X3y3 — x5y5 + 3x3y3y3)
Tyro = y3¥3 (X33 — x3Y2) (5x3y, 3 — 4x3y5 — 3x5x3y3 + 3x,%3y,¥3 + 3%,Y3y3 — 4%,Y3Y5 + X29,)3
— X3y5 — X3y7 + X35 Y3)
Tg1 = —6(x; — x3) (V2 — ¥3) (X2¥2 — X3¥3) (X3 — x3y2)2
Ty = (Xz — x3) (X3 — X3Y2)? (X3¥5 — 3%2%3Y5 + X35 + 4%,X3Y,Y3 — 3%,X3Y5)
Tgs = —(y2 — y3)(x2y3 — x3y2)2(3x22y2y3 - xzz){% — 4xX3X3Y,Y3 — x3ZY22 + 3x§y2y3)
Tgq = 6x3Y3(X2y3 — x3)’2)2(xZY3 — X3V, — X3¥3)
Tgs = —x3(X2)3 — X3Y2)* (2x5 Y5 — 3%,X3Y5 — X5Y5 + 2X,X3,Y3)
Tge = y3(xy3 — x3y2)2(x22y§ + 3x32y2y3 - 23532)’22 — 2X3X3¥2Y3)
Tg; = —6x,y,(x,y3 — x3y2)2(x2x3 — X2Y3 — X3¥2)
Tog = =X (X235 — X3Y2)? (X3V5 + 3%,%3Y5 — 2X5Y5 — 2X,X3,Y3)
Tgo = —y3(xy5 — x3y2)2(3x22y2y3 - 23522)’32 — 2xX3Y,Y3 + x%)’zz)

Tor = 2(x; — x3) (X2)3 — X3¥2) (X3 Y3 — 3X3%3Y, + X3X3Y3 + 3x3x3y, — 2x3x5ys + 3x3y3ys — x3y3
+ 2x22x§y2 - 3952295333’3 — 5x5x3y3 + 3x5x3Y5Y3 — 3x22x3y2y§ - x23x3y33 - x2x§y2
+3x,%3 Y3 + x2%3Y3 + 3%223y3 Y3 — 3x,%5Y,¥3 + 5x.%5y3 — x5y, + x3y3 — 3x3y, 5
Toy = XX3 (X2 -X3) (X3Y3 - 3X3X3Y, + X3X3Y3 + 5X5%3y, — 5x5x5y3 + 3x5y5ys — 3x3y3 — X, %3y, +
3%,X3Y3 — 5X,%3Y3 + 3%,X3Y5Y3 — 3X,%3Y,V5 + 5X,%3Y3 — x3y, + 3x3y3 — 3x5y,¥5
Tos = (X2¥3 — %3Y2) (X33 — 3X3%3Y,y3 + 6x3x3y,y3 — 3x3%3y5 + 3x3¥5y5 — x3y3 + 2x3x3y3
— 6X3%3Y,Y3 + 2x3x3y5 — 5x3X3Y3 Y3 — 5X3x3Y,Y3 + 2x3x3y5 — 3xFx3y3 + 6x3x3Y, Y3
+6x3x3y3 Y3 + 6X3x3Y2353 — 3%,X3Y2Y3 + 2243 Y3 — 5X,%3Y3ys — 5x2%3y2y5 + x5V}
— x3¥5 + 3x3Y3y5)
Tos= 2x5 (X33 — X3Y2) (X3 X3Y3 + 3x5x5y, —6X3%5Y3 — 6X5Y3 + 3%,X3Y3 + 3%,X3Y5 Y3 + 5x,X33 —
X3y, +x3y3 — 3x3y,¥3)
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Tos = —X5 (X2)3 — X3Y2) (X3 X3Y3 + X3x3y, — 4x5x3y; — 4x5y3 + 3x,%3y3 + 3%,%3Y3 Y3 + 5x,%3Y3

— x5y, — X33 — 3x3y,¥3)

Tos = X3(X2¥3 — X3¥2) (X3X5Y,y3 — 2X3X5y5 — 2x3y5 — 3x5x33 y2, + 6X5X3y,Ys + 6X5%3Y,Y3

= 32,X3Y,Y3 — X%2X3Y3Y3 — 52,X5Y,¥3 + x3y3 — x3y3 + 3x3y3y3)
Toy = —2x5 (X235 — X3Y3) (X7Y3 — 3%3%3Y, + 6x5Xx5y, — 3x5x5ys + 3xX3Y3y3 — X33 — %,X3Y, — 5x,%3Y3
— 3x,%3Y,y3 + 6x5Y3)
Tog = x3%3(X2Y3 — X3¥2) (X3 Y3 — 3X3 %3y, + 4x5x5y, — X5x5y3 + 3x5y5ys + X5y3 — x,%3y, — 5%,%3Y3
— 3x,X3Y,¥5 + 4x3y3)

Too = X, (X2¥3 — X3Y2) (X3¥5 — 3%5X3Y2Y5 + 6X3%5y,y3 — 3x3x3y3 + 3x3y3ys — x3ys — 2x3x3y3

+ X3x3Y2ys — 5X3x3Y5 Y3 — X3x3Y2Y3 + 62,x3y3ys — 2x3y7)
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